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Abstract
We explicitly construct a family of N = 4 superconformal mechanics of dyonic particles,
generalizing the work of Anninos et al. [1] to an arbitrary number of particles. These me-
chanics are obtained from a scaling limit of the effective Coulomb branch description of
N = 4 quiver quantum mechanics describing D-branes in type II Calabi-Yau compactifica-
tions. In the supergravity description of these D-branes this limit changes the asymptotics
to AdS2×S2×CY3. We exhibit the D(1, 2; 0) superconformal symmetry and conserved
charges of the mechanics in detail. In addition we present an alternative formulation as a
sigma model on a hyperka¨hler manifold with torsion.
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1
1 Introduction
Similarly to BPS field theory solitons [2], extremal black holes can be studied in the moduli
space approximation [3]. When embedded in supergravity this gives rise to a supersymmet-
ric multi-particle mechanics that in an appropriate limit becomes also conformally invariant
[4, 5], see [6] for a review. Such models are of interest due to their potential relation to
the microscopics of black hole entropy and AdS2/CFT1 duality. The original work at the
end of the 90’s focused on equally charged black holes. In the early 2000’s it was realized
that in addition there also exists a large class of interacting BPS black holes with mutually
non-local charges, leading to non-trivial bound states [7, 8]. From a 4d perspective they
are the gravitational backreaction of dyonically charged point particles that originate from
wrapped D-branes in type II string theory Calabi-Yau compactifications. The supersym-
metric (quantum) mechanics of these dyonic particles, including some stringy interactions,
was derived in [9] and takes the form of a 1d, N=4 supersymmetric quiver gauge theory.
Integrating out the stringy modes when the gauge theory theory is in its Coulomb phase
reduces it to the mechanics of N point particles, whose essential features can be identified
with those of N dyonic BPS black holes in N = 2 4d supergravity, due to a powerful non-
renormalization theorem [9]. The physics of these BPS bound states and their stability has
developed into a wide area of study but in this paper we will focus only on some aspects of
a special class of bound states known as scaling solutions [10, 11], where the dyonic centers
can approach each other arbitrarily closely. It was shown in [1] that for three such scaling
centers there exists a limit where the Coulomb quiver mechanics becomes superconformally
invariant and, as we detail in this paper, this can be extended to an arbitrary number of
scaling centers. We find that the superconformal algebra governing this limit is D(2, 1; 0),
which also appears in the moduli space dynamics of marginally bound black holes [5].
On the supergravity side the limit produces a number of dyonic BPS black holes in
an asymptotic AdS2×S2 space-time [12, 13]. The N -particle superconformal mechanics
we present in this paper thus captures some of the physics of asymptotically AdS2 black
hole bound states. We hope that our results pave the way, upon quantizaton, towards
a more concrete connection between D-brane state counting, AdS2/CFT1 [14] and black
hole microscopics. In particular the conformal scaling regime appears to sit a the crucial
supergravity-Coulomb-Higgs trisection and could hence help clarify how much of the black
hole microscopics one can expect to be captured by supergravity.
Parallel to the advances in understanding the BPS sector of N = 2 4d supergrav-
ity/string theory since the first work on superconformal black hole mechanics, there has
also been a lot of progress in the framework underlying N = 4 supersymmetric (quantum)
mechanics, see e.g. [15, 16] for reviews. Some of the most important advances concern the
superspace formulation, dualities between different multiplets and a more thorough under-
standing of the underlying geometry. Although by now there exists a wide and detailed
overview of the generic features of these models, the number of non-trivial and physically
relevant examples remains somewhat scarce. The N particle models studied in this paper
add a rich new class of explicit examples. The quiver mechanics we discuss was originally,
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and most naturally, phrased in terms of the so-called (3,4,1) multiplet1 and this is also
the language we use in most of our paper. But in addition we work out explicitly the
reformulation in terms of (4,4,0) multiplets, which provides a more powerful geometric
interpretation in terms of a hyperka¨hler with torsion (HKT) sigma model. This is an im-
portant step towards quantization which in the HKT formulation can be done in terms of
differential forms [17].
1.1 Outline and overview of results
We start the paper in section 2 presenting the supersymmetric mechanics of N dyonic
particles, originating in the effective Coulomb branch description of Denef’s N = 4 quiver
quantum mechanics [9]. We introduce the model in N = 4 superspace and re-derive its
component form. One of the main aims of this paper is to provide a detailed understanding
of the full symmetry and conserved charges of the family of models under consideration,
and for this reason we carefully keep track of these from the start. Apart from providing
details not previously spelled out in the literature, this section also introduces one novelty.
All non-trivial physics finds itself in the relative dynamics of the dyonic particles and
it is only after decoupling the center of mass that a conformal limit can be taken. We
thus present only the Lagrangian for the relative dynamics, but instead of doing so by
choosing 3N − 3 (complicated) adapted coordinates we keep working with the full set of
3N positions of all particles such that the overall translations appear as a gauge symmetry.
This trick allows us to extend [1] from three to an arbitrary number of centers, but it
also has some subtle consequences. For example, the metric appearing in the kinetic term
becomes semi-positive definite, but we show how using a projective inverse the standard
geometric intuition behind the component Lagrangian can be kept intact.
In section 3 we show how upon taking an appropriate limit the supersymmetric me-
chanics of section 2 gains superconformal symmetry, extending [1] to an arbitrary number
of centers. We exhibit the full D(2, 1; 0) superconformal symmetry and corresponding
conserved charges. As a first step towards quantization we reconsider our models in the
Hamiltonian formalism in section 3.4. We introduce canonical variables and derive the
D(2, 1; 0) algebra in terms of Poisson brackets.
In section 4 we reformulate the supersymmetric mechanics in terms of the (4,4,0)
multiplet, instead of the (3,4,1) multiplet used in the previous sections. We write out the
precise HKT geometry underlying the sigma model that appears in this form and comment
on how the reformulation can be understood in terms of gauging an extra direction, thus
providing an example of the general notion of automorphic duality as discussed in [18]. Also
in HKT form our mechanics are conformally invariant but, as we point out, the conformal
transformations differ slightly from the ’standard’ ones of [19].
We end the paper in section 5 by discussing some of the physical properties of the
mechanical models we developed in the previous sections and comment on possible future
directions.
There are also 5 appendices collecting some relevant technicalities.
1The bracket notation denotes the number of (bosonic, fermionic, auxiliary) fields in the multiplet.
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2 Review of Coulomb branch quiver mechanics
We will study a class of ‘quiver’ mechanical systems describing the dynamics of N D-
branes in type II string theory which are wrapped on internal Calabi-Yau cycles and which
are pointlike in the three noncompact spatial directions. When the D-brane centers are
sufficiently far apart, the fundamental strings stretching between them can be integrated
out to give an effective (‘Coulomb branch’) mechanics for the N 3d position vectors of the
centers and their superpartners. In this section we review the Coulomb branch mechanics,
which was derived in [1, 9], and its invariance under N = 4 supersymmetry. Other relevant
literature on this type of models includes [20–23].
2.1 Coulomb branch Lagrangian and symmetries
The Coulomb branch quiver quantum mechanics for an N centered D-brane system pre-
serving four supersymmetries describes N interacting vector multiplets. The off-shell
d = 1, N = 4 vector multiplet can be obtained from the d = 4, N = 1 vector multiplet
by dimensional reduction [20]. The bosonic content consists of three spatial coordinates
xi, i = 1, 2, 3, a worldline gauge potential Ct and an auxiliary field D. The fermionic su-
perpartners form a 2-component spinor λα, α = 1, 2 and its complex conjugate λ¯
α ≡ (λα)∗.
Assuming that all nodes in the quiver are U(1) – which is equivalent to assuming all
brane/center charges to be primitive – the gauge field does not couple to the other vec-
tor multiplet fields, since they are valued in the adjoint representation which is trivial for
U(1)2. So after the hypermultiplets are integrated out the wordline gauge potentials Ct are
completely absent from the effective vector multiplet Lagrangian which contains only the
fields xi, λα, λ¯
α, D. These are said to constitute the (3,4,1) multiplet and the Lagrangian
contains N of them, one for each center. Equivalent formulations in terms of different
multiplets are possible (see e.g. [24]), and in particular the formulation in terms of the
(4,4,0) multiplet will be explored in section 4.
2.1.1 Superspace formulation
The Coulomb branch quiver quantum mechanics can be formulated in the standard3 N = 4
superspace. While somewhat abstract, the discussion of the symmetries of the model is
most economical in this formulation and therefore we review it here and in Appendix B
– see [22, 23] for further details and references –, while for the discussion of the Noether
charges and algebra we will work in the more transparant component formalism.
The d = 1, N = 4 superspace R1|4 is parametrized by the time t and an anticommuting
SU(2) spinor doublet θα together with its complex conjugate θ¯
α = (θα)
∗. Our spinor
conventions are spelled out in Appendix A. The N = 4 superspace admits an action of the
2In case the nodes are not primitive the vector multiplet can be U(M) valued and this will lead to a
more complicated Lagrangian, see e.g. LV on page 41 of [9], where Dt involves the connection Ct (A in
[9]’s nomenclature.)
3There also exists a powerful formulation in terms of harmonic superspace, see e.g. [15, 25], but such
machinery is not needed for our purposes.
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N = 4 Poincare´ supersymmetry algebra generated by
H = ∂t, Q
α =
∂
∂θα
+ iθ¯α∂t, Qα =
∂
∂θ¯α
+ iθα∂t. (2.1)
These satisfy the anticommutation relations
{Qα, Q¯β} = 2iδαβH. (2.2)
Also relevant for this work will be the action of two commuting su(2) algebras which
will play the role of R-symmetries. Under the first su(2), the θα and the θ¯
α transform
as doublets, while the second algebra (denoted henceforth as s˜u(2)) mixes the θ and θ¯
coordinates:
Ri =
i
2
(σiθ)α
∂
∂θα
− i
2
(θ¯σi)
α ∂
∂θ¯α
, (2.3)
R˜3 =− i
2
(
θα
∂
∂θα
− θ¯α ∂
∂θ¯α
)
, R˜+ =(θ)
α ∂
∂θ¯α
, R˜− =(θ¯)α
∂
∂θα
, (2.4)
where R˜± ≡ R˜1 ± iR˜2. These lead to the additional nonvanishing commutators
[Ri, Rj ] =ijkRk, [R˜i, R˜j ] =ijkR˜k, [Ri, Q
α] =− i
2
(Qσi)
α, [Ri, Qα] =
i
2
(σiQ)α
[R˜+, Q
α] =(Q)α, [R˜−, Q
α
] =− (Q)α, [R˜3, Qα] = i
2
Qα, [R˜3, Qα] =−
i
2
Qα.
(2.5)
The supercovariant derivatives which anticommute with Qα and Qα are defined as
Dα =
∂
∂θα
− iθ¯α∂t, D¯α = ∂
∂θ¯α
− iθα∂t (2.6)
and satisfy
{Dα, Dβ} = −2iδαβ∂t. (2.7)
The off-shell vector multiplet can be described by a real scalar superfield
V = V ∗, (2.8)
subject to the gauge equivalence
V ∼ V + Λ + Λ¯ (2.9)
where Λ is a chiral superfield with DαΛ = D
αΛ¯ = 0. The field V transforms as a scalar
both under Poincare´ supersymmetry and R-symmetry, i.e.
δV = (uH + ξQ+ ξ¯Q¯+ riRi + r˜
iR˜i)V. (2.10)
Here, u, ξ, ξ¯, ri and r˜i denote the infinitesimal parameters for time translation, supersym-
metry and the R-symmetries respectively.
From V we can form a triplet of gauge-invariant superfields
Φi =
1
2
DσiD¯V, i = 1, 2, 3. (2.11)
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From (2.10) and (2.11) one finds, by commuting the superspace generators through the
operator DσiD¯, that the Φi are scalars under supersymmetry, transform as a triplet under
su(2) and as a singlet under s˜u(2), i.e.
δΦi = ijkr
jΦk + (uH + ξQ+ ξ¯Q¯+ rjRj + r˜
iR˜i)Φi. (2.12)
A convenient component parametrization for V is given in (B.12). The component fields
xi, λα, λ¯
α, D introduced at the beginning of this section enter in the superspace expansion
of Φi as
Φi = xi+ iλ¯σiθ− iθ¯σiλ+ θ¯σiθD−ijkθ¯σjθx˙k+ 1
2
θ¯θ¯θσiλ˙− 1
2
θθθ¯σi
˙¯λ+
1
4
θθθ¯θ¯x¨i. (2.13)
The superfields Φi satisfy a number of constraints as a consequence of (2.11) which are
listed in (B.7, B.8, B.10, B.11).
After these preliminaries we are ready to introduce the Lagrangian governing the gen-
eral Coulomb branch quiver mechanics. To describe an N -centered system we consider
superfields V a,Φai labelled by an additional index a = 1, . . . , N . The Coulomb branch
quiver Lagrangian splits into two decoupled parts. There is a trivial universal term decrib-
ing the free motion of the center of mass coordinate of the system and it’s superpartners,
and a second part capturing the dynamics of the relative motion of the branes. We will
restrict attention to the relative Lagrangian in what follows. In the formulation with off-
shell susy, this Lagrangian admits an expansion in powers of velocities; that is, L(n), the
N -th term in the expansion is the N = 4 supersymmetric completion of a bosonic term of
order N in time derivatives. We will here work up to quadratic order in velocities. The
terms in the relative Lagrangian can be written as superspace integrals, 4
L =
∫
d4θ
(
L(0) + L(1) + L(2)
)
+ Lbdy
L(0) = −2faV a
L(1) = −2
∫ 1
0
dy Ua
(
Φb(y)
)
∂yV
a(y)
L(2) = H(Φa). (2.14)
We have included a total derivative term Lbdy to remove second order time derivatives
proportional to x¨ia and to guarantee a good variational principle. The explicit form is
given below in (2.29).
The lowest order term L(0) is a standard Fayet-Iliopoulos (FI) term. It is gauge-
invariant under (2.9) despite its dependence on the V a. The constants fa are the FI
parameters which satisfy, in the models of interest,∑
a
fa = 0. (2.15)
4We normalize the superspace measure such that
L =
∫
d4θF (Φ) ≡ − F (Φ)|θθθ¯θ¯ =
1
4
F (Φ)|θ1θ2θ¯1θ¯2 .
6
The first order term L(1) requires more explanation. Its superspace form was first found
in [23] and resembles a Wess-Zumino-Witten term. The fields in the integrand depend on
an extra parameter y such that V a(1) = V a and V a(0) is a constant. L(1) is gauge invariant
under (2.9) and has the property that its variation only depends on the fields at y = 1,
since the variation of the integrand is a total y-derivative, namely
δL(1) = −2
∫
d4θUaδV
a. (2.16)
These properties severely constrain the functions Ua. In our model they are of the form
Ua =
∑
b,b 6=a
κab
2|Φab| , Φ
iab ≡ Φia − Φib, (2.17)
where
κab = −κba. (2.18)
Gauge invariance of L(1) follows from writing the gauge parameter as Λ = D¯D¯Ω and using
the identity (B.10), while the property (2.16) follows from (B.11). The constraints on the
form of Ua lie at the basis of an important non-renormalization theorem for L
(1) [9].
Lastly, the second order term in L is the superspace integral of a potential function H
of the gauge-invariant superfields. In the quiver mechanics of interest this potential takes
the form
H =
∑
a,b,a6=b
(
µab|Φab|2
6
− |κab|
4|Φab| log |Φ
ab|
)
(2.19)
where
µab = µba. (2.20)
We should remark that the potential H is not unique and we can add terms to it whose
superspace integral yields a total derivative. For example, from the identity (B.10) one
derives that ∫
d4θ
1
|Φ| = −
1
4
d2
dt2
(
1
|x|
)
, (2.21)
and therefore we are free to add to H terms of the form
H → H+
∑
a,b,a6=b
λab
|Φab| (2.22)
for arbitrary constants λab.
We have now specified the models of interest up to the constants fa, κab, µab which
are determined by the underlying D-brane physics: the FI parameters fa are related to
the Calabi-Yau moduli of the string compactification, the κab are the Dirac-Schwinger-
Zwanziger (DSZ) inner products of the D-brane charges of the centers labelled by a and b,
and the µab determined by the masses of the centers. We refer to [9] for more details on
the meaning of these parameters.
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It is straightforward to see that the action is invariant under all the symmetries ad-
vertised above. Since the superspace Lagrangian density L depends only on rotationally
invariant combinations of the Φia, it transforms as a scalar under all the symmetries,
δL =
(
uH + ξQ+ ξ¯Q¯+ riRi + r˜
iR˜i
)
L. (2.23)
From the form of the generators given above we see that all the terms in this expression are
total derivatives with respect to either time or the anticommuting superspace coordinates.
Though it is not manifest in the way we have written it, the relative Lagrangian
L depends only on the superfield differences V ab = V a − V b and hence only on N − 1
independent superfields. In other words, it possesses a gauge invariance under an overall
shift by an arbitrary superfield,
δshiftV
a(t) = vaΣ(t). (2.24)
where we defined
(va) = (1, 1, . . . , 1). (2.25)
Invariance of L under (2.24) follows from the properties
0 = fav
a = Uav
a =
∂H
∂Φia
va. (2.26)
which in turn follow from (2.15, 2.18, 2.20). This gauge invariance allows us to eliminate
one superfield, though the formulas become more cumbersome when written in terms of
the N − 1 independent gauge-invariant combinations. Instead we will keep working in the
redundant description in terms of N superfields, keeping gauge invariance under the shift
symmetry (2.24) manifest at all stages.
2.1.2 Component form
Let us now discuss the Coulomb branch mechanics in terms of component fields. Working
out the superspace integrals the relative Lagrangian (2.14-2.14) takes the form5 originally
derived in [9]:
L = L(0) + L(1) + L(2) (2.27)
L(0) = −faDa
L(1) = −UaDa +Aiax˙ia + ∂ibUaλ¯aσiλb
L(2) =
1
2
Gab
(
x˙iax˙ib +DaDb + i(λ¯aλ˙b − ˙¯λbλa)
)
− 1
2
∂icGab
(
λ¯aσiλ
bDc + ijkλ¯
aσjλ
bx˙kc
)
− 1
8
∂jc∂jdGabλ
aλbλ¯cλ¯d. (2.28)
Here, the symbol ∂ia stands for
∂
∂xia
. To obtain this form of the action we have taken the
boundary term in (2.14) to be
Lbdy =
1
4
H¨(x). (2.29)
5See Appendix B, (B.15) for the derivation of the component form of L(2). For the derivation of L(1),
which is somewhat involved, we refer to [23]. As a shortcut, it is straightforward to derive the presence of
the first term in L(1), from which the remaining terms are fixed by supersymmetry [9].
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We recall that the functions Ua in L
(1) are given by (see (2.17)),
Ua =
∑
b,b 6=a
κab
2rab
. (2.30)
The term linear in velocities in L(1) signifies the Lorentz coupling of the dyons to the
electro-magnetic field sourced by the other centers, more precisely the Aia(x) are given by
a superposition of Dirac monopole fields
Aia = −
∑
b,b 6=a
κabA
D
i (x˜ab), A
D
i (x) =
ijkn
jxk
2 r(xlnl − r) . (2.31)
Here, ni is an arbitrary constant unit vector indicating the direction of the Dirac string,
and we defined
x˜ab =
{
xab = xa − xb when a < b
xba = xb − xa when a > b.
(2.32)
The term L(2) containing two time derivatives describes a supersymmetric nonlinear
sigma model. The target space metric Gab is a partial trace of the Hessian matrix of the
potential H defined in (2.19),
Gab =
1
2
∂ia∂ibH. (2.33)
We will therefore refer toH as the ‘Hesse potential’ in what follows. As we already remarked
above, H is not unique and can be redefined by ‘Hessian transformations’, such as (2.22),
by adding a function with vanishing Hessian matrix.
In addition to experiencing a magnetic field and a nontrivial geometry, the D-brane
centers also move in a potential, which can be obtained from integrating out the auxilary
fields Da. This is a little bit subtle, since as we pointed out in (2.24) we are working in a
redundant description which is gauge-invariant under overall shifts of the fields:
δshiftx
a
i = v
ai(t)
δshiftλ
a = vaη(t), δshiftλ¯
a = vaη¯(t) (2.34)
δshiftD
a = vaδ(t).
(recall that va ≡ (1, 1, . . . , 1)). As a consequence of (2.26), the target space ‘metric’ Gab is
actually degenerate and va is a null vector:
Gabv
b = 0. (2.35)
However in the models of interest it is invertible when restricted to the N − 1-dimensional
space of independent relative coordinates which are gauge-invariant under (2.34). The
resulting inverse is called the ‘projective inverse’ Gab and can be constructed concretely as
follows. We pick an arbitrary vector va satisfying
vav
a = 1 (2.36)
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and define Gab by6
vav
b +GacG
cb = δba, vavbG
ab = 0. (2.37)
Note that this implies
Gabvb = 0. (2.38)
The projective inverse Gab can for practical purposes be used as the inverse of Gab. For
example, to integrate out the auxiliary fields we write their equation of motion with the
help of (2.37) as
Da = Gab
(
Ub +
1
2
∂ibGcdλ¯
cσiλ
d
)
+ vbD
bva. (2.39)
The last term can be removed by a gauge transformation (2.34) and drops out when
substituting (2.39) into the action. Doing this one finds the potential for the bosonic
coordinates,
V =
1
2
GabUaUb. (2.40)
Similarly, one can check that this expression does not depend on the choice of va satisfying
(2.36).
Let us now discuss the symmetries of the Lagrangian in component form. From the
component expansion (2.13) of the superfield we find that a general symmetry transforma-
tion acts on the fields as
δ ≡ uδH + ξαδQα + ξ¯αδQ¯α + riδRi + r˜iδR˜i
δxia = ux˙ia + iλ¯aσiξ − iξ¯σiλa + ijkrjxka
δλa = uλ˙a + x˙iaσiξ + iD
aξ − i
2
riσiλ
a +
i
2
r˜3λa + r˜−(λ¯a)α (2.41)
δλ¯a = u ˙¯λa + x˙iaξ¯σi − iDaξ¯ + i
2
riλ¯aσi − i
2
r˜3λ¯a + r˜+(λa)α
δDa = uD˙a − ˙¯λaξ − ξ¯λ˙a.
A general action of the form (2.27-2.28) is invariant under N = 4 supersymmetry trans-
formations (with parameter ξ, ξ¯) provided the couplings satisfy (2.33) and7
∂iaUb = ∂ibUa = ijk∂jbAka, (2.42)
∂ia∂jbH = ∂ib∂jaH. (2.43)
These restrictions on the couplings imposed by N = 4 supersymmetry can, as usual, be
interpreted in terms of geometric structures on the target space of the sigma model. These
structures are easier to analyze and relate to the literature in a reformulation of the model,
as we will discuss in section 4.
6The pair Gab and va form a Euclidean version of the Newton-Cartan geometry appearing in non-
relativistic theories of gravity, see e.g. [26].
7While it is not necessary for supersymmetry to impose the last constraint (2.43) on H, it is satisfied
in our model since our H is a sum of pairwise terms depending only on the coordinate differences, see
(2.19). If H is instead an arbitrary function, the Lagrangian contains additional terms, which are given for
completeness in (B.16).
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Invariance under the su(2) R-symmetries is due to to the fact that Ua and Gab are
rotationally invariant functions while the gauge potential Aia transforms as a vector up to
a gauge transformation,
ijk∂jaUbx
ka = ijk∂jaGbcx
ka = 0, (2.44)
ikl∂kbAjax
bl = ijkAka + ∂jaMi, (2.45)
for some functions Mi(x). Their explicit form, which is derived in Appendix D and will be
needed below, is
Mi = ijkAajx
a
k + Uax
a
i . (2.46)
The su(2) R-symmetry has the interpretation of the angular momentum of the 3+1 dimen-
sional D-brane system. It can be shown (e.g. using (3.31) below), that on classical ground
states satisfying x˙ia = λ
a = λ¯a = 0, the su(2) Noether charges reduce to the term Uax
a
i in
(2.46). This can be rewritten as
Ri|vac = Uaxai =
1
2
∑
a,b,a<b
κab
rab
xabi , (2.47)
which is precisely the expression for the ADM angular momentum of the corresponding
3+1 dimensional multi-centered supergravity solution [7].
3 Superconformal invariance in the AdS2 scaling limit
In this section we demonstrate the emergence of a D(2, 1; 0) superconformal symmetry
when the DSZ parameters κab allow for a scaling limit in which the supergravity solution
develops a deep AdS2 throat. We check superconformal invariance in superspace and
explicitly compute the Noether charges in the component formalism. Conformal invariance
of the three-centered case was analyzed in detail in [1], while D(2, 1; 0) invariance of a
single-particle cousin of our models was established in [23].
3.1 Scaling charges and AdS2 limit
It is known from the supergravity description that for certain charges the dyonic centers
can be placed arbitrarily close together, see e.g. [10]. As the centers approach each other in
coordinate space a diverging gravitational warping keeps them at finite physical distance.
This regime can be explored by an appropriate limit of the gravitational solution leading
to gravitational multi-center configurations with AdS2×S2 asymptotics [13], see also [12].
Complementarily it was shown in [1] that the same limit of the quiver description leads
to the emergence of conformal symmetry. From an operational point of view the limit
amounts to redefining the variables as8
t→ s−1t , xia → sxia , λaα → s3/2λaα , Da → s2Da (3.1)
8The supergravity metric takes the form ds2 = −Σ(xi, xia, fa)−1(dt+ ω)2 + Σ(xi, xia, fa)dxidxi, where
(t, xi) are the space-time coordinates and xia are the positions of the dyonic centers. The homogeneity
property Σ(sxi, sxia, fa) = s
−2Σ(xi, xia, sfa) and the form of the metric ensure that the rescaling t →
s−1t, xi → sx, xia → sxia, fa → fa, as in (3.1), are equivalent to the rescaling t → t, xi → x, xia →
xia, fa → sfa which is the form used in the near limit as defined in [13].
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and then taking the limit where s goes to zero. In this limit the action remains finite and
has as only effect that the relative masses µab and FI couplings fa are made to vanish. In
particular the form of the Lagrangian (2.27-2.28) remains intact, except that some of the
couplings simplify,
fa =0, H =−
∑
a,b,b 6=a
|κab|
4rab
log rab, Gab =δab
∑
c,c6=a
|κac|
4r3ac
− |κab|
4r3ab
. (3.2)
The scaling limit does not change the term9 L(1) in the Lagrangian (see (2.30,2.31)). Since
these new expressions keep on satisfying (2.33) and (2.42) it follows that the limit preserves
supersymmetry, as is of course manifest from the superspace point of view. As we will now
discuss it additionally enhances it to a superconformal symmetry.
3.2 Superconformal invariance
3.2.1 Superspace
The action of the N = 4 superalgebra (2.2, 2.5) on R1|4 superspace can be extended to
an action of the superconformal algebra D(2, 1;α) (see e.g. [27] for a review). Here, α
is a continuous parameter and as we will presently see10, the scaling limit of the quiver
mechanics is invariant under D(2, 1;−1), which is isomorphic to D(2, 1; 0) upon exchanging
the role of the two su(2) R-symmetries. This algebra contains two additional bosonic
generators D and K which generate dilatations and special conformal transformations
respectively, and four additional fermionic superconformal generators Sα and Sα. These
are given explicitly by (see [23] with α = −1):
D = t∂t +
1
2
(
θ∂θ + θ¯∂θ¯
)
(3.3)
K =
(
t2 − (θ¯θ)2) ∂t + (t+ iθ¯θ)θ∂θ + (t− iθ¯θ)θ¯∂θ¯ (3.4)
Sα = tQα + iθ¯θDα + 2iθ¯αθ¯∂θ¯ (3.5)
Sα = tQα − iθ¯θDα + 2iθαθ∂θ. (3.6)
9In fact, it can be shown [23] that L(1) is invariant under D(2, 1;α) for any α.
10A quick way to determine α is by using [23] that the scale weight of the superfield Φi is −α, and for
L(2) to be invariant we need this weight to be one.
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The new nonvanishing (anti-)commutators in addition to (2.2, 2.5) are
[H,D] =H, [H,K] =2D, [D,K] =K, (3.7)
[D,Qα] =− 1
2
Qα, [D,Qα] =−
1
2
Qα, (3.8)
[K,Qα] =− Sα, [K,Qα] =− Sα, (3.9)
[H,Sα] =Qα, [H,Sα] =Qα, (3.10)
[D,Sα] =
1
2
Sα, [D,Sα] =
1
2
Sα, (3.11)
{Qα, Sβ} =2iDδαβ − 2Riσ βiα , {Qα, Sβ} =2iDδαβ + 2Riσ βiα , {Sα, Sβ} =2iδαβK, (3.12)
[Ri, S
α] =− i
2
(Sσi)
α, [Ri, Sα] =
i
2
(σiS)α, (3.13)
[R˜+, S
α] =(S)α, [R˜−, S
α
] =− (S)α, (3.14)
[R˜3, S
α] =
i
2
Sα, [R˜3, Sα] =− i
2
Sα. (3.15)
If we disregard the generators R˜i we obtain the subalgebra psu(1, 1|2). The R˜i act on
psu(1, 1|2) as outer automorphisms.
The transformation of the fields under the D(2, 1;−1) algebra is obtained from the
starting assumption that the real superfield V transforms as a scalar under the full super-
conformal algebra:
δV = (uH + vD + wK + riRi + r˜
iR˜i + ξQ+ ξ¯Q+ ηS + η¯S)V. (3.16)
To find the transformation of the superfield Φi =
1
2DσiDV we should commute the algebra
generators through the operator DσiD. Doing this we find
δΦi =
(
P˙ − 2i(θ¯Σ˙− Σ˙θ)
)
Φi + ijk
(
rj − P¨ θ¯σjθ − 2θ¯σjΣ˙ + 2Σ˙σjθ
)
Φk
+(uH + vD + wK + riRi + r˜
iR˜i + ξQ+ ξ¯Q+ ηS + η¯S)Φi, (3.17)
where we have defined, for later convenience, the following time-dependent combinations
of parameters
P ≡ u+ vt+ wt2, Σα ≡ ξα + ηαt, Σ¯α ≡ ξ¯α + η¯αt. (3.18)
Using the above relations it is straightforward to check the D(2, 1;−1)-invariance of
the superspace form of the action (2.14). It suffices to check invariance under conformal
transformations,
δconf ≡ uδH + vδD + wδK , (3.19)
since, in combination with the invariance under supersymmetries and R-symmetries al-
ready demonstrated, this implies invariance under the full algebra. Since the superspace
Lagrangian density depends on the combinations |Φab|, the rotation term in (3.17) doesn’t
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contribute and we have
δconf
∫
d4θL =
∫
d4θ
(
∂L
∂Φia
ΦiaP˙ + (uH + vD + wK)L
)
= P˙
∫
d4θ
(
∂L
∂Φia
Φia + L
)
+ . . .
= P˙
d2
dt2
 ∑
a,b,a6=b
|κab|
16|xab|
+ . . . (3.20)
where, in the second line, we have partially integrated in superspace and dropped total
time derivatives, and, in the last line, we used the explicit form (2.14) and the identity
(2.21). The result is a total time derivative because P˙ is a linear function of time.
3.2.2 Component fields
From the superspace transformation law (3.17) and the component decomposition (2.13)
we can work out the action of D(2, 1;−1) on the component fields:
δ ≡ uδH + vδD + wδK + ξαδQα + ξ¯αδQ¯α + ηαδSα + η¯αδS¯α + riδRi + r˜iδR˜i
δxia = P˙ xia + Px˙ia + ijkr
jxka + iλ¯aσiΣ− iΣ¯σiλa
δλa =
3
2
P˙ λa + Pλ˙a + x˙iaσiΣ + iD
aΣ + 2xiaσiΣ˙− i
2
riσiλ
a +
i
2
r˜3λa + r˜−(λ¯a)α
δλ¯a =
3
2
P˙ λ¯a + P ˙¯λa + x˙iaΣ¯σi − iDaΣ¯α + 2xia ˙¯Σσi + i
2
riλ¯aσi − i
2
r˜3λ¯a + r˜+(λa)α
δDa = 2P˙Da + PD˙a − ˙¯λaΣ− Σ¯λ˙a − 3λ¯aΣ˙− 3 ˙¯Σλa. (3.21)
In particular, under the subalgebra of conformal transformations, the fields xia, λaα and D
a
transform as primary fields of weight ∆ = 1, 32 , and 2, respectively (see Appendix E for the
definition of a primary field).
3.3 Noether charges
We now compute the conserved Noether charges associated to the symmetry generators.
We recall that, if the Lagrangian transforms under a symmetry by a total derivative,
δsymL =
d
dt
Bsym, (3.22)
the associated conserved charge is given by
Qsym =
∂L
∂x˙ai
δsymx
a
i +
∂RL
∂λ˙aα
δsymλ
a
α +
∂RL
∂ ˙¯λαa
δsymλ¯
αa −Bsym. (3.23)
In writing this formula we have taken the convention that derivatives with respect to the
fermionic fields λa, λ¯a, act from the right11, as indicated by the subscript R, see Appendix
F for more details.
While the relevant boundary terms Bsym can also be derived from the superspace form
of the action, the analysis is less cumbersome in the component formalism. We will discuss
in turn the Noether charges for conformal, R- and fermionic symmetries.
11In contrast, following standard conventions, derivatives with respect to the superspace coordinates
θα, θ¯
α in earlier sections were defined to act from the left.
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3.3.1 Conformal
The component action is invariant under conformal transformations thanks to the proper-
ties
xic∂icGab = −3Gab, Gabxib = −∂ia
(
Gabx
jaxjb
)
, (3.24)
xib∂ibUa = −Ua, xjb∂jbAia = xjb∂iaAjb. (3.25)
These are a specific case of the general requirements on the target space geometry derived in
[28]: the metric possesses a conformal Killing vector (in our case xia∂ia), whose associated
one-form is exact. In addition, the potential should scale with the proper weight and
the gauge connection should be invariant up to a gauge transformation. Making use of
the additional algebraic identity (C.1) satisfied by Aia, one finds that the Lagrangian
transforms as
δconfL =
d
dt
(
PL− P¨Gabxiaxib
)
. (3.26)
This leads to the conformal Noether charges12
H = UaD
a − ∂iaUbλ¯aσiλb + 1
2
Gab
(
x˙iax˙ib −DaDb
)
+
1
2
∂icGabλ¯
aσiλ
bDc
+
1
8
∂jc∂jdGabλ
aλbλ¯cλ¯d (3.27)
D = tH +Gabx
iax˙ib
K = t2H + 2tGabx
iax˙ib + 2Gabx
iaxib (3.28)
We note that dilatations and special conformal transformations are symmetries of the
action which however do not commute with time translations; their Noether charges depend
explicitly on time. These charges are however conserved on-shell, D˙ ≈ 0, K˙ ≈ 0, due to
the on-shell identity
d
dt
(
Gabx
a
i x˙
b
i
)
≈ −H (3.29)
as well as the algebraic identity (C.2).
3.3.2 R-symmetry
Next we compute the Noether charges for the su(2) R-symmetry under which the xai trans-
form as triplets and the spinors λaα, λ¯
αa as doublets (2.5). Most terms in the Lagrangian are
invariant under this symmetry, except for the magnetic coupling Aiax˙
ia which, as follows
from (2.45), transforms by a total derivative
δRi(Ajax˙
a
j ) = −
dMi
dt
, (3.30)
where the functions Mi were given in (2.46). The su(2) Noether charges Ri therefore take
the form
Ri =
∂L
∂x˙aj
δRix
a
j +
∂RL
∂λ˙aα
δRiλ
a
α +
∂RL
∂ ˙¯λαa
δRi λ¯
αa +Mi. (3.31)
12We use the same symbol for the symmetry generator and the associated Noether charge in our particular
models, hopefully without causing confusion.
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As for the second R-symmetry s˜u(2), one can check that the Lagrangian L is invariant
and therefore the Noether charges are of the form
R˜i =
∂RL
∂λ˙aα
δR˜iλ
a
α +
∂RL
∂ ˙¯λαa
δR˜i λ¯
αa. (3.32)
3.3.3 Fermionic charges
We now turn to the derivation of the Noether charges for the fermionic symmetries, i.e. the
four Poincare´ supercharges and four conformal supercharges. To simplify the computation,
we are free to add a total time derivative to the Lagrangian. This does not influence the
equations of motion and one easily sees that the expression (3.23) for the Noether charge
does not change under such an addition. We define L+ (L−) to be the partially integrated
Lagrangians in which λ¯a (λa) do not appear with time derivatives:
L± = L± d
dt
(
i
2
Gabλ¯
aλb
)
. (3.33)
Let us first discuss invariance under δQα and δSα , which we combine into
δΣ ≡ ξαδQα + ηαδSα . (3.34)
For these transformations, it is convenient to work with L−: since
∂L−
∂λ˙a
= 0 and also
δΣλ¯
a = 0, the second and third terms on the RHS of (3.23) vanish, while also the boundary
term (the last term on the RHS of (3.23)) becomes simpler. One finds in particular that
L− is invariant up to the boundary term
δΣL− =
d
dt
(
Uaλ
aΣ + iAiaλ¯
aσiΣ− 2iGabxiaλ¯bσiΣ˙
)
. (3.35)
The Noether charges are then
Qα = −Uaλ¯aα + i
(
∂L−
∂x˙ia
−Aia
)
(λ¯aσi)α,
Sα = tQα + 2iGabx
ia(λ¯bσi)α. (3.36)
To check the conservation of the conformal supercharges, S˙α ≈ 0, one can show that the
following identity holds on-shell:
Qα ≈ −2i d
dt
(
Gabx
a
i (λ¯
bσi)
α
)
. (3.37)
This can be shown to hold using the identities (3.24, C.4, C.5).
Similarly, to address the symmetry under δQα
and δSα it is convenient to work with
the Lagrangian L+. One finds in this way the Noether charges
Qα = −Uaλaα − i
(
∂L+
∂x˙ia
−Aia
)
(σiλa)α,
Sα = tQα − 2iGabxia(σiλb)α. (3.38)
These are the complex conjugate expressions of (3.36) as expected.
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3.4 Canonical variables and Poisson bracket algebra
In this subsection we describe the superconformal Coulomb branch mechanics in terms of
canonical variabes in the Hamiltonian formalism. This paves the way for quantization of
the system, which will be considered elsewhere. As a check we also explicitly compute the
Poisson bracket algebra of the conserved charges and find that this yields the D(2, 1;−1) '
D(2, 1; 0) algebra.
The canonical analysis is somewhat simpler if we add a total derivative to the La-
grangian (2.28) and work with L+ or L− introduced in (3.33) so that either λ¯a or λa
appears without time derivative. We will choose the former option and work with L+
which we spell out here:
L+ = L
(1) + L
(2)
+
L(1) = −UaDa +Aiax˙ia + ∂ibUaλ¯aσiλb (3.39)
L
(2)
+ =
1
2
Gab
(
x˙ai x˙
b
i +D
aDb
)
+ iλ¯aλ˙
b
− 1
2
∂icGab
(
λ¯aσiλ
bDc − ix˙icλ¯aλb + ijkλ¯aσjλbx˙kc
)
− 1
8
∂jc∂jdGabλ
aλbλ¯cλ¯d,
where we have defined fermionic fields with index lowered as
λ¯a ≡ Gabλ¯b. (3.40)
The relevant coupling functions were given in (2.30, 2.31, 3.2).
We find for the bosonic canonical momenta
pai ≡ ∂L
∂x˙ai
= Aia +Gabx˙
a
i +
i
2
∂iaGbcλ¯
bλc − 1
2
ijk∂jaGbcλ¯
bσkλ
c. (3.41)
We note from this expression that the pai have an imaginary part
p∗ai = pai − i∂iaGbcλ¯bλc. (3.42)
This originates from the fact that L+, in contrast to the original Lagrangian L in (2.28),
has an imaginary part which is a total derivative.
For the canonical formulation of the fermionic sector, it is easiest13 to note, as in [29],
that the action is already in first order form with the role of the momenta conjugate to
coordinates λaα played by
piαa ≡ iλ¯αa . (3.43)
The Poisson brackets for the fermions are {λ¯aα, p¯ibβ} = δab δβα, and we are led to the nonva-
nishing brackets14 for the full theory
{xia, pjb} = δab δij , {λaα, λ¯βb } = −iδab δβα. (3.44)
13Alternatively, one can regard both λa and λ¯a as configuration space variables. Then there are two
second class constraints, 0 = pia − iλ¯a = p¯ia, and the resulting Dirac bracket again leads to (3.44).
14In computing Poisson brackets of phase space quantities it is important to keep in mind that the bosonic
momenta pia Poisson-commute with λ
a and λ¯a but not with λa, λ¯
a.
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We should remark that, strictly speaking, there are also constraints involving the
auxiliary fields Da
Da = Gab
(
Ub +
1
2
∂ibGcdλ¯
cσiλ
d
)
, pDa = 0. (3.45)
These are, e.g. using the Dirac formalism, trivially taken care of by substituting (3.45)
everywhere, in particular Da has nontrivial Dirac brackets with x, p, λ, λ¯.
The canonical Hamiltonian agrees with the time translation Noether charge (3.27) and
takes the form
H = piax˙
ia + piaλ˙
a − L
=
1
2
PiaG
abPib +
1
2
GabD
aDb − Ciabλ¯aσiλb + 1
8
∂icidGabλ
aλbλ¯cλ¯d, (3.46)
where we defined the ‘kinetic momentum’ Pai as
Pai = Gabx˙
b
i = pai −Aia −
i
2
∂iaGbcλ¯
bλc +
1
2
ijk∂jaGbcλ¯
bσkλ
c. (3.47)
Our expressions for the remaining Noether charges (3.28, 3.31, 3.32, 3.36, 3.38) can be
written15 in phase-space form:
D = tH + xai pai +
3i
2
λ¯aλ
a
K = t2H + 2txai pai + 3itλ¯aλ
a + 2Gabx
iaxib
Qα = −Uaλ¯aα + i
(
pia −Aia − i∂iaGbcλ¯bλc
)
(λ¯aσi)
α
Qα = −Uaλaα − i (pia −Aia) (σiλa)α
Sα = tQα + 2ixai (λ¯aσi)
α, Sα = tQα − 2iGabxai (σiλb)α
Ri = ijkx
a
j (pka −Aka) + Uaxai +
1
2
λ¯aσiλ
a
R˜3 = −1
2
λ¯aλa, R˜+ =
i
2
λaλa, R˜− =
i
2
λ¯aλ¯
a. (3.48)
One checks that the Qα are the complex conjugates of Q
α using the non-reality of pai, see
(3.42). As a check on these expressions, we have verified that the Noether charges above
generate the symmetry transformations of the fields (3.21) through Poisson brackets in the
sense that
{Qsym, ψ} = −δsymψ. (3.49)
Before continuing we should remark on the gauge invariance (2.34) acting as overall
shifts on the fields. These correspond to first class constraints
paiv
a = 0, piav
a = 0 (3.50)
as can be seen from (3.41,3.43). The symmetry generators given above are gauge-invariant
observables, indeed one easily checks that they weakly Poisson-commute with the con-
straints
{Qsym, paiva} ≈ {Qsym, piava} ≈ 0. (3.51)
15The expressions for D,K,Ri were simplified using the identities (3.24) and (C.3).
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To deal with these constraints we could follow the standard procedure of fixing the gauge,
e.g. by eliminating one of the canonical coordinates, working out the Dirac bracket on the
reduced phase space and then quantize this bracket. As already mentioned, this leads to
more cumbersome and less symmetric formulas. Here we will rather keep working with the
extended phase space (3.44) and leave imposing the constraints until after quantization,
where on the Hilbert space they will take the form
pˆaiv
a|ψ〉 = 0, pˆiava|ψ〉 = 0. (3.52)
This is the so-called Dirac quantization, and for the simple gauge invariance considered here
the two approaches can be shown to be completely equivalent (see [30], ch. 13). Imposing
the constraints (3.52) is straightforward, for example the first constraint is satisfied if we
take the wavefunction to depend only on the relative coordinates.
We are now ready to compute the Poisson brackets of the generators (3.48). Our sign
conventions for computing brackets involving Grassmann-valued fields are spelled out in
appendix F. A shortcut to obtaining the Poisson brackets with the Hamiltonian is to use
the conservation law for the generators which depend explicitly on time:
0 =
dQsym
dt
=
∂Qsym
∂t
+ {Qsym, H}, (3.53)
from which we find
{H,D} =H, {H,K} =2D, (3.54)
{H,Sα} =Qα, {H,Sα} =Qα. (3.55)
The remaining Poisson brackets can be worked out using the computational rules (F.6)
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and reality properties (F.7). We find16
{K,Qα} =− Sα, {K,Qα} =− Sα, (3.56)
{D,Qα} =− 1
2
Qα, {D,Qα} =−
1
2
Qα, (3.57)
{D,Sα} =1
2
Sα, {D,Sα} =1
2
Sα, (3.58)
{Ri, Rj} =ijkRk, (3.59)
{R˜+, R˜−} =2iR˜3, {R˜3, R˜±} =∓ iR˜± (3.60)
{Qα, Qβ} =− 2iHδαβ , {Sα, Sβ} =− 2iKδαβ , (3.61)
{Qα, Sβ} =− 2iDδβα − 2Riσ βiα , {Qα, Sβ} =− {Qα, Sβ} = −2iDδαβ + 2Riσ αiβ , (3.62)
{Qα, Ri} = i
2
σ αiβQ
β, {Qα, Ri} =−
i
2
Qβσ
β
iα , (3.63)
{Ri, Sα} =− i
2
σ αiβ S
β, {Ri, Sα} = i
2
Sβσ
β
iα , (3.64)
{R˜3, Qα} = i
2
Qα, {R˜3, Qα} =−
i
2
Qα, (3.65)
{R˜+, Qα} =(Q)α, {R˜−, Qα} ={R˜+, Qα} = −(Q)α, (3.66)
{R˜3, Sα} = i
2
Sα, {R˜3, Sα} =− i
2
Sα, (3.67)
{R˜+, Sα} =(S)α, {R˜−, Sα} ={R˜+, Sα} = −(S)α. (3.68)
As usual (see e.g. [31] Ch. IV), there are ‘active vs. passive’ sign differences between
the Poisson bracket algebra and the algebra Killing vectors in (2.2, 3.15), which in our
conventions show up in the brackets of the odd generators, i.e. (3.61, 3.62).
4 HKT formulation
The various supermultiplets of N = 4 quantum mechanics are closely related [24, 25].
All of them can be connected to the (4,4,0) multiplet [32], which is the ’simplest’, in
that it has an equal number of bosons and fermions and is without auxiliary fields. In this
section we will reformulate the quiver theory which was presented above in terms of (3,4,1)
multiplets – in terms of (4,4,0) multiplets. Such reformulation has been understood in
general from a superspace perspective [18], but we’ll take a more pedestrian approach
here and present it as a field redefinition in component form. The motivation to consider
the (4,4,0) formulation is that the geometry underlying the theory takes a more familiar
form, namely that of (weak) hyper-Ka¨hler with torsion (HKT). This is especially powerful
as a step towards quantization, for which the supersymmetric groundstates can be given a
cohomological interpretation in this setting [17, 33].
4.1 Field redefinitions
We start by introducing N new coordinates x4a such that
Da = x˙4a. (4.1)
16To derive the brackets (3.59) and (3.62) one needs the identities (D.3) and (C.6), respectively.
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Da
x˙4a
Dtx
4a
−Ba
replacement
gauginggauge fixing
identification
Figure 1. An operational interpretation of 1d automorphic duality.
Such a replacement of an auxiliary field with the derivative of a new bosonic field is some-
times called ’1d automorphic duality’ [18]. Note that if we reformulate a theory in terms
of the Da in this way the ’new’ theory will be invariant under shifts of x4a by construction.
This shift symmetry can be gauged by the introduction of a gauge field Ba and the covari-
ant time derivative Dtx
4a = x˙4a − Ba. Fixing the gauge so that x4a is constant equates
Dtx
4a = −Ba, and upon identification of −Ba with Da we are back where we started, see
figure 1. Interestingly, and this is special to 1d, the gauge field Ba forms a supermultiplet
on its own, without the need of a fermionic partner, so that the bosonic procedure we just
sketched is almost trivially supersymmetrized [18]. In summary the theory of (3,4,1) mul-
tiplets is a gauge fixed form of a theory of (4,4,0) multiplets with a gauged shift symmetry.
The D-term constraint of the (3,4,1) theory equals the momentum constraint p4a = 0,
which is the ’Gauss constraint’ of the gauged (4,4,0) theory.
In this section we will, for simplicity, write the ungauged (4,4,0) theory in terms of
x˙4a with the implicit understanding that to reproduce the results of the previous sections
one needs to gauge the shift symmetry in x4a and gaugefix, as in figure 1.
The reformulated theory takes its natural form by collecting the new bosonic coordi-
nates together with the original ones. We thus introduce the ’covariant’ notation
(xA) = (xµa) = (xia, x4a) µ = 1, 2, 3, 4, i = 1, 2, 3. (4.2)
In parallel we introduce the matrices
(τµ) = (−iσi,1) (τ¯µ) = (iσi,1). (4.3)
Note that the τ i generate a quaternion algebra:
τ iτ j = δij1 + ijkτk. (4.4)
In addition there are the following useful relations, that play a role in the derivation of the
results presented below:
(τµ)α
β(τµ)γ
δ =(τ¯µ)α
β(τ¯µ)γ
δ = 2αγ
βδ, (τµ)α
β(τ¯µ)γ
δ =2δδαδ
β
γ , (4.5)
τ¯ (µτν) =τ (µτ¯ν) = δµν1. (4.6)
Similarly it will be useful to collect the background fields as
(AA) = (Aµa) = (Aia,−fa − Ua) , (4.7)
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This extended background gaugefield has a natural field strength
Fµa νb = ∂µaAνb − ∂νbAµa. (4.8)
Already at this level we see some of the elegance of this new formulation, the supersymmetry
conditions (2.42) become an anti-selfduality condition on this fieldstrength:
1
2
µνρσFρa σb = −Fµa νb. (4.9)
The next step is to redefine the fermions, instead of working with a complex doublet, it
will be useful to work with 4 real fermions.
We start by introducing a constant complex 2-vector κα
17. Note that κ is not Grass-
mann valued. It is convenient to normalize κ:
κ¯κ = κ¯ακα = 1. (4.10)
Now define
χµa =
1√
2
(
κ¯τ¯µλa + λ¯aτµκ
)
. (4.11)
Note that χ is real and Grassmann valued. The key point is that the above is just a field
redefinition since it has the inverse:
λa =
1√
2
τµκχµa, λ¯a =
1√
2
κ¯τ¯µ χµa. (4.12)
In these new variables also the supersymmetry transformations will take a slightly
different form – see (4.22, 4.23) below – and it will be useful to redefine the susy parameters
as well:
ζµ =
i√
2
(κ¯τ¯µξ − ξ¯τµκ) , ξ = − i√
2
τµκ ζµ , ξ¯ =
i√
2
κ¯τ¯µ ζµ. (4.13)
The detailed redefinitions above can be summarized as
(3, 2, 1) multiplet (4, 4, 0) multiplet
(xia, λa, Da) ↔ (xµa, χµa) (4.14)
susy parameters
ξ ↔ ζµ. (4.15)
4.2 Lagrangian and geometry
Via the field redefinition of the previous subsection the Lagrangian (2.27) takes the form
L = AAx˙
A − i
2
FABχ
AχB︸ ︷︷ ︸
L(0)+L(1)
+
1
2
GAB
(
x˙Ax˙B + iχADˇtχ
B
)− 1
12
∂[ACBCD]χ
AχBχCχD︸ ︷︷ ︸
L(2)
(4.16)
17A similar object is discussed in section 4.2.1 of [34], where it has its origins in the broken susies from a
4d BPS perspective.
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where A = µa, µ = 1, 2, 3, 4, a = 1, . . . , n, and
Gµa νb = δµνGab (4.17)
Cµa νb ρc = ∂λaGbc λµνρ (4.18)
Note that by construction ∂4aGbc = 0, which together with the identity (2.43) and definition
(2.33) implies the important symmetry property
∂µaGbc = ∂µ(aGbc). (4.19)
This in turn guarantees that CABC is totally anti-symmetric and hence defines a 3-form,
which provides the torsion of the covariant derivative Dˇ defined by the connection18
ΓˇCAB = Γ
C
AB +
1
2
GCDCDAB (4.20)
where ΓCAB is the Levi-Civita connection of the metric (4.17). Explicitly
Dˇtχ
A = χ˙A + ΓˇABC x˙
BχC . (4.21)
The Lagrangian (4.16) is invariant under the 4 supersymmetry transformations
δxA = −iζρ(Jρ)ABχB, (4.22)
δχA = ζρ(J¯ρ)ABx˙
B. (4.23)
These can be directly obtained from the susy transformations (2.41) through the field
redefinitions of the previous subsection. Here (Jρ) = (J i,1), (J¯ρ) = (−J i,1) in terms of
the quaternionic structure
(J i)µaνb = δ
a
b (j
i
+)µν (4.24)
with ji+ the self-dual quaternionic structure on R4, see appendix G for a precise defini-
tion and our conventions. This quaternionic structure appears after the field redefinition
through the identity
(Jρ)µaνb =
1
2
(κ¯τ¯ντµτρκ+ κ¯τ¯ρτ¯µτνκ). (4.25)
As we already alluded to above, supersymmetric invariance of the zeroth and first order
part of (4.16) is guaranteed by the anti-self duality property (4.8), as is the case in generic
(4,4,0) models [25].
Supersymmetric invariance of the second order part of the Lagrangian (4.16) can be di-
rectly related to the tensors (G,C, J i) defining a (weak19) hyperka¨hler with torsion (HKT)
geometry [35]. We refer to [33] for a pedagogic and detailed review of HKT geometry and
18This connection is the Bismuth connection, the unique connection compatible with a hermitian structure
and totally anti-symmetric torsion. As can be seen in (4.26) in the current model the three hermitian
structures share the same Bismuth connection, one of the requirements for HKT geometry.
19Here weak refers to the fact that the torsion 3-form C is not closed. Strong HKT geometry requires
closure of C. In the special case C = 0 HKT geometry becomes hyperka¨hler geometry.
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its relation to N = 4 sigma models, for our purposes here we can restrict attention to the
following sufficient conditions on the tensors defining a HKT geometry:
J iJ j = −δij + ijkJk (quaternion algebra)
GC(A(J
i)CB) = 0 (hermiticity) (4.26)
∇ˇA(Jr)BC = 0 (torsional covariant constant).
One can verify by direct computation that the tensors (4.17, 4.18) and (4.24) satisfy the
conditions above. Note that all three complex structures should also be integrable, some-
thing which is trivial in our case, since they take constant values in the coordinates we are
using, see (4.24).
So far we have focused on the supersymmetric invariance of the theory, but it is further-
more also conformally invariant. Since there is a well-studied class of HKT sigma models
with N = 4 superconformal symmetry [19] one might expect the conformal quiver quantum
mechanics theories we described here to fall into that class. Somewhat surprisingly this is
not the case and although, even in HKT form, our models are fully D(2, 1; 0) invariant they
are so in a slightly different and less manifest way then the models discussed in [19]. This
is a direct consequence of Da transforming as a primary field, i.e. δDa = 2P˙Da + PD˙a as
in (3.21), so that to preserve conformal invariance under the replacement Da → x˙4a as the
first step in figure 1 we get the transformation δx˙4a = 2P˙ x˙4a +Px¨4a which in turn implies
the somewhat peculiar conformal transformations20
δx4a = P˙ x4a + Px˙4a −
∫ t
t0
P¨ x4adt′. (4.28)
The first two terms coincide with the transformation of a primary field of weight 1, like
the other coordinates xia and which is the transformation assumed in [19]. There appears
here however the extra third term, which is non-local. Note that this extra term vanishes
for the time translations and conformal rescalings, but is present for the special conformal
transformation. At a technical level this implies that the HKT metric GAB, see (4.17), still
has a conformal Killing vector, KA = −2xA, but that this conformal Killing vector is no
longer exact, which is a requirement in the models of [19].
4.3 Supercharges
The redefinition of the supersymmetry parameters suggests the redefinition of the charges
(3.36) as Qµ = − 1√
2
(κ¯τ¯µQ¯ + Qτµκ). Using the other field redefinitions of section 4.1 the
20Note that strictly speaking the ungauged sigma model is only a formal substep and that our (3,4,1)
model is really equivalent to a gauged (4,4,0) sigma model. In particular the precise identification is
Da ↔ Dtx4a and so conformal invariance only demands Dtx4a to transform as a primary, not necessarily
x˙4a. This observation allows for a transformation where x4a remains a primary but we give the gauge field
a non-trivial transformation:
δx4a = P˙ x4a + P x˙4a, δBa = 2P˙Ba + PB˙a − P¨ x4a. (4.27)
This approach however has the disadvantage that we start from a (4,4,0) sigma model that is not confor-
mally invariant but only becomes conformally invariant upon gauging. Using the transformation rule (4.27)
makes the HKT model conformally invariant even before gauging, be it in a non-standard way.
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redefined charges can be put into the form
Q4 = χA
(
p˜A −AA − iωACDχCχD + i
6
CACDχ
CχD
)
, (4.29)
Qi = χB(J i)AB
(
p˜A −AA − iωACDχCχD + i
2
CACDχ
CχD
)
. (4.30)
These match with the supercharges derived on general grounds in [17]. Note that ωABC =
ωA
DFE
D
BE
F
C with E
B
A and ωA
BC the vielbien and spin connection associated to the metric
(4.17), in particular E
νb
µa = δνµe
b
a, with e
b
a the vielbein of the metric21 Gab. Finally we should
stress that p˜A is the canonical momentum associated to x
A via the Lagrangian (4.16), while
keeping χA fixed, rather than χA. This momentum is related to the canonical momentum
as defined in (3.41) as
p˜µa = pµa − i
2
∂µaGbcλ¯
bλc +
i
2
Gbde
c
c(∂µae
d
c)χ
νbχνc. (4.31)
Reproducing the expressions of [17] is interesting, since it paves the way to a quantization
via differential forms and an interpretation of supersymmetric groundstates in terms of
cohomology.
5 Discussion and outlook
In this work we explicitly exhibited the superconformal symmetry of the Coulomb branch
quiver mechanics of D-brane systems with an arbitrary number of centers in an AdS2 scaling
limit. Besides providing explicit examples of multi-particle D(2, 1; 0)-symmetric quantum
mechanics specified by scaling quiver data, which is of some interest in itself, it is our hope
that our analysis provides a starting point for addressing some conceptual issues in black
hole physics. In general, the supersymmetric quantum ground states of the quiver theory
describe BPS bound states of D-branes, and when the total charges correspond to those of
a black hole it would be of great interest to determine if the quiver theory captures some
of the black hole microscopics. In particular, without the scaling limit it is understood
how the Coulomb branch of the quiver quantum mechanics corresponds to multi-centered
supergravity configurations, while extra states on the Higgs branch are assumed to describe
single center black hole microstates [10, 11, 36–39]. This suggests that the scaling/AdS2
limit considered in this paper that zooms in on that part of the Coulomb branch that
connects to the Higgs branch might be an interesting regime of relevance.
The quantization of the system is beyond the scope of the current work, but let us
say a few words about the space of classical ground states of our Coulomb quiver mechan-
ics models. Classical ground states are configurations with zero velocity and vanishing
fermions, x˙ia = λa = λ¯a = 0, which solve the D-term constraints
Ua =
∑
b,b 6=a
κab
2rab
= 0. (5.1)
21We should point out that due to the gauge symmetry that removes the overall translational degree of
freedom Gab is only semidefinite, with its (projective) inverse defined in (2.37). Vielbeine can however still
be defined as follows: Gab = e
c
ae
d
bδcd where c, d = 1, . . . N − 1. Furthermore we can define their inverses as
Gab = eace
b
dδ
cd, so that they satisfy the completeness relations vav
b + e
c
ae
b
c = δ
b
a and e
a
ce
c
b = δ
a
b .
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The classical moduli space is therefore parametrized by those position vectors xia, modulo
an overall translation, that solve Ua = 0 and the corresponding solutions preserve all
four Poincare´ supersymmetries and have vanishing energy and su(2) R-charge. The set of
ground states is invariant under rescalings
xia → λxia, (5.2)
for any positive parameter λ, and is hence necessarily non-compact22. Since individual
ground state solutions are not invariant under rescalings the dilatation symmetry is spon-
taneously broken. In contrast the special conformal symmetry, generated by K, does not
act properly on the moduli space since it generates non-zero velocity, in particular this
implies that the set of classical ground states is not a collection of SL(2,R) orbits. Note
that this happens because K, although being a symmetry, does not commute with the
Hamiltonian23. It might be interesting to point out that one can obtain a subsector of the
theory that is closed under SL(2,R) transformations by allowing only those non-zero ve-
locities that are tangent to the moduli space. Working out the corresponding sigma-model
could be a possible future direction.
We now relate these observations to properties of the corresponding supergravity so-
lutions that were observed in [12, 13]. As was discovered in [9], there is a one-to-one
correspondence between the classical moduli space and the space of multi-center super-
gravity solutions. This is because the D-term constraints (5.1) precisely coincide with the
Denef equations [7] which govern the existence of the supergravity solution. In the case at
hand every solution xia of (5.1) determines a supergravity solution with vanishing angular
momentum which is constructed from a set of harmonic functions
H =
∑
a
Γa
|~x− ~xa| . (5.3)
The geometry at large radius r takes the form of AdS2 × S2 plus corrections. The latter
can be systematically derived from the multipole expansion of the harmonic functions
H =
Γtot
r
+
∞∑
l=1
O(l)i1...il
xi1...il
r2l+1
(5.4)
where
O(l)i1...il ∼
∑
a
Γa
(
xai1 . . . x
a
il
− (traces)) (5.5)
are symmetric, traceless polynomials in the center positions. The first term in (5.4) gives
rise to the exact AdS2 × S2 throat of a single-centered black hole with charge Γtot. The
coefficients of correction terms to this throat geometry can be identified with VEVs of the
22Note that for non-scaling solutions there exists a natural symplectic form on the space of groundstates
[40] and that those spaces of groundstates have finite symplectic volume. In the AdS2/scaling limit we
consider here the symplectic form vanishes on the space of groundstates, identifying it as a sub-configuration
space.
23Of course also D does not commute with the Hamiltonian when acting on generic solutions, but when
restricted to the space of groundstates the commutator, which is the Hamiltonian, vanishes.
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operators O(l)i1...il in the Coulomb branch quantum mechanics. A careful analysis [13] shows
that the leading large r correction to the metric is actually of order 1 and represents a
rotation of the S2, proportional to the magnitude of the spin-1 operator
Ki =
1
2
∑
a<b
κabx
iab. (5.6)
Similar examples of ‘hair’ on asymptotically AdS2 backgrounds were discovered in [12].
In the limit λ → 0 in (5.2), where conformal invariance is restored, the supergravity
background becomes exactly that of the single-centered black hole. At this point, the
Coulomb branch considered in this work matches on to the Higgs branch of the quiver
mechanics.
The above classical picture of spontaneous symmetry breaking on the Coulomb branch
and corrections to the supergravity background resembles closely the well-studied holo-
graphic description of the Coulomb branch of N = 4 super Yang-Mills [41, 42]. In the
present context there is a caveat however, since here the field theory is a quantum mechan-
ical system and the Coleman-Mermin-Wagner theorem would suggest that the classical
symmetry breaking cannot persist in the quantum theory. A related open question is
whether the AdS2 scaling limit of the quiver quantum mechanics captures some of the
black hole microstates and, if so, how the conformal quiver mechanics is related to the
putative CFT1 dual to the AdS2 black hole throat. While we leave these interesting issues
for further study we offer here just some remarks.
Since the number of degrees of freedom also goes to infinity in the large charge limit
in which supergravity is reliable, it not clear to us if a scenario where the spontaneous
conformal symmetry breaking persists in the quantum theory can be completely ruled out.
Such a spontaneous symmetry breaking in the ground states would however be hard to
reconcile with with the standard picture [14, 43] of the CFT1 as a topological theory of
singlet ground states. Similar observations were made in [12].
Another possibility is that conformal symmetry is unbroken and quiver theory contains
normalizeable ground states which are D(2, 1; 0) singlets. Since classically the conformally
invariant point occurs where the Coulomb and Higgs branches meet, an accurate descrip-
tion of these states may have to incorporate the Higgs branch degrees of freedom. In
any case, such a scenario would resemble more closely the standard picture of the dual
CFT1. A possible relation between quiver quantum mechanics and CFT1 could be that
the various quiver theories arising from different decompositions of the total charge describe
superselection sectors of the CFT1.
A related interesting avenue would be to explore controlled deviations from the BPS
limit in the quiver mechanics and potential links with nAdS2/nCFT1 [43].
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A Spinor conventions
Let ψα, α = 1, 2 be an anticommuting, complex, 2-component spinor. Its complex conjugate
is denoted as (ψα)
∗ ≡ ψ¯α. We follow the index convention of [9] where we don’t define
index-lowering or raising operations, rather unbarred spinors ψα always have indices down,
barred spinors ψ¯α have indices up and we write insertions of the SU(2) invariant -tensor
explicitly. Pauli matrices σi βα always have the first index down and the second one up.
Some properties and definitions are
λ¯ψ ≡ λ¯αψα, (A.1)
ψλ ≡ ψααβλβ, ψ¯λ¯ ≡ λ¯ααβψ¯β, (A.2)
(ψαλβ)
∗ ≡ λ¯βψ¯α, (A.3)
αβ = −βα, αββγ = δγα, 12 = 21 = 1, (A.4)
(σiσj) βα = δ
ijδβα + i
ijkσk βα . (A.5)
B More on the superspace formulation
In this Appendix we review the superspace formulation of N = 4 supersymetric quantum
mechanics with vector multiplets, referring to [22, 23] for more details.
The d = 1, N = 4 superspace is parametrized by the time t and an anticommuting
su(2) spinor doublet θα together with its complex conjugate complex conjugate θ¯
α = (θα)
∗.
Supersymmetry generators and supercovariant derivatives are defined as
Qα =
∂
∂θα
+ iθ¯α∂t, Q¯α =
∂
∂θ¯α
+ iθα∂t, (B.1)
Dα =
∂
∂θα
− iθ¯α∂t, D¯α = ∂
∂θ¯α
− iθα∂t, (B.2)
and satisfy the anticommutation relations
{Qα, Q¯β} = 2iδαβ∂t, {Dα, D¯β} = −2iδαβ∂t, (B.3)
with all other anticommutators vanishing.
The off-shell vector multiplet can be described by a real scalar superfield
V = V ∗, (B.4)
subject to the gauge equivalence24
V ∼ V + Λ + Λ¯, (B.5)
where Λ is a chiral superfield with DαΛ = D
αΛ¯ = 0.
24V has an additional non-chiral gauge invariance V → V + (DαDα −DαDα)σ.
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From V we can form a triplet of gauge-invariant superfields
Φi =
1
2
DσiD¯V, i = 1, 2, 3. (B.6)
The Φi satisfy a number of constraints as a consequence of this relation:
0 = DαDβΦ γβ = D¯αD¯βΦ
β
γ , (B.7)
0 = D¯(α(Φ)βγ) = D
(α(Φ)βγ), (B.8)
where we defined
Φ βα ≡ Φi(σi) βα =
(
D¯αD
β − 1
2
δβαD¯γD
γ
)
V. (B.9)
The following useful identities are corollaries of (B.8):
0 = DD|Φ|−1 = DD|Φ|−1, (B.10)
0 = Dα
(
Φ βα
|Φ|3
)
= Dβ
(
Φ βα
|Φ|3
)
, (B.11)
where |Φ| ≡ (ΦiΦi) 12 .
Parametrizing V as
V = v + ψ¯αθα + θ¯
αψα + zθθ + z¯θ¯θ¯ − xiθ¯σiθ + Ctθ¯θ (B.12)
−iθθθ¯
(
λ¯+
1
2
¯˙
ψ
)
+ i
(
λ+
1
2
ψ˙
)
θθ¯θ¯ +
1
2
(
D +
i
2
C˙t − 1
2
v¨
)
θθθ¯θ¯
we obtain the component expansion of Φi
Φi = xi+iλ¯
aσiθ−iθ¯σiλ+θ¯σiθD−ijkθ¯σjθx˙k+ 1
2
θ¯θ¯θσiλ˙− 1
2
θθθ¯σi
˙¯λ+
1
4
θθθ¯θ¯x¨i. (B.13)
The theories we will consider contain N such vector multiplets (one for each D-brane
center) Φai labelled by an additional index a = 1, . . . , N . A supersymmetric action which
is second order in time derivatives can be obtained from integrating an arbitrary ‘Hesse
potential’ H(Φ) over superspace. We normalize the fermionic measure such that
L(2) =
∫
d2θd2θ¯H(Φ) ≡ − H(Φ)|θθθ¯θ¯ =
1
4
H(Φ)|θ1θ2θ¯1θ¯2 . (B.14)
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Performing the superspace integrals yields
L(2) =
1
4
∂2H(x)
∂xai ∂x
b
i
(
x˙aj x˙
b
j +D
aDb − i( ˙¯λaλb − λ¯aλ˙b)
)
− 1
4
∂3H(x)
∂xai ∂x
b
i∂x
c
j
(
λ¯cσjλ
bDa + jklλ¯
aσkλ
bx˙cl
)
− 1
16
∂4H(x)
∂xai ∂x
b
i∂x
c
j∂x
d
j
λaλbλ¯cλ¯d (B.15)
+
1
4
∂2H(x)
∂xai ∂x
b
j
(
x˙ai x˙
b
j − x˙aj x˙bi − ijk(x˙akDb − x˙bkDa + i ˙¯λaσkλb + iλ¯aσkλ˙b)
)
+
1
4
∂3H(x)
∂xai ∂x
b
i∂x
c
j
(
λ¯aσjλ
bDc − λ¯aσjλcDb + i(λ¯aλcx˙bk − λ¯cλbx˙ak)
)
+
1
4
∂3H(x)
∂xai ∂x
b
j∂x
c
k
(
iijkλ¯
aλbDc − ijm(λ¯aσkλcx˙bm − λ¯cσkλbx˙am)
)
− 1
16
∂4H(x)
∂xai ∂x
b
j∂x
c
k∂x
d
l
(
iδijklm(λ¯
aλ¯bλcσmλ
d + λ¯cσmλ¯
dλaλb)− ijmklnλ¯aσmλ¯bλcσnλ¯d
)
.
(B.16)
For the models of interest, where the Hesse potential satisfies
∂2H(x)
∂xai ∂x
b
j
=
∂2H(x)
∂xbi∂x
a
j
, (B.17)
the terms in (B.16) cancel out and only the part (B.15) remains.
The Hesse potential H is not unique; when (B.17) holds it is determined up to a
‘Hessian transformation’
H(x)→ H(x) + S(x), (B.18)
where S(x) satisfies
∂2S(x)
∂xai ∂x
b
i
= 0. (B.19)
C Useful identities of the coupling functions
We collect here some useful identitites involving the coupling functions (2.34,2.31,3.2) en-
tering in the Lagrangian in the scaling limit:
Aiax
ia = 0, (C.1)
∂iaGbcx
b
jx
c
j = −3Gabxbi , (C.2)
∂Gbc
∂xa[i
xaj] = 0, (C.3)
∂Ub
∂xa[i
xaj] = 0, (C.4)
xai
∂2Gab
∂xcjx
d
j
= −2∂Gcd
∂xbi
, (C.5)
∂Aai
∂xbj
=
∂Abi
∂xaj
. (C.6)
The identity (C.5) can be proven using (2.43,3.24).
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D Rotational invariance of the magnetic coupling
In this Appendix we show that the magnetic coupling Aiax˙
ia in the Lagrangian transforms
under su(2) R-symmetry by a total derivative
δRi(Ajax˙
a
j ) = −
dMi
dt
. (D.1)
for some functions Mi. This is equivalent to the following property of the gauge potential:
δRiAja = −ikl∂kbAjaxbl = −ijkAka − ∂jaMi. (D.2)
The functions Mi are determined up to a constant, which can be chosen such that they
satisfy
δRiGj − δRjGi = −ijkGk. (D.3)
The proof is as follows. The first equality in (D.2) implies that [δi, δj ]Aka = −ijlAla, which
using the second equality in (D.2) implies the following condition on the Mi:
δRiMj − δRjMi = −ijkMk + cij . (D.4)
with cij a constant antisymmetric matrix. Making the redefinition
Mi →Mi − 1
2
ijkcjk (D.5)
the new Mi’s satisfy (D.3).
An explicit expression for the Mi can be found by realizing that the Dirac monopole
potential ADi given in (2.31) transforms as a vector under rotations, up to a gauge transfor-
mation which rotates the Dirac string direction ni. Working out this gauge transformation
one finds that the Mi satisfying (D.3) are given by
Mi = ijkAajx
a
k + Uax
a
i . (D.6)
E Primary fields
The 1-dimensional conformal transformations are defined to act as PSL(2,R) fractional
linear transformations on the time coordinate :
t′ =
αt+ β
γt+ δ
. (E.1)
We define a primary field Ψ∆(t) with scaling dimension ∆ to transform as
Ψ′∆(t
′) =
(
dt
dt′
)∆
Ψ∆(t) = (γt+ δ)
2∆Ψ∆(t). (E.2)
The infinitesimal version of (E.2) is
δconfΨ∆ ≡ Ψ′∆(t)−Ψ∆(t) = ∆ P˙ Ψ∆ + P Ψ˙∆, (E.3)
with P = u+ tv+ t2w and u, v, w parametrizing infinitesimal translations, dilatations and
special conformal transformations respectively.
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F Fermionic derivatives and Poisson brackets
In this appendix we shortly list our sign conventions for derivatives and Poisson brackets
involving fermionic fields, see also [44].
F.1 General considerations
Let the φa be a collection of fields that can be either Grassmann odd or even, we’ll denote
the degree as a, which is 0 for bosons and 1 for fermions. With F,G and H we denote
Grassmann valued functions of these fields. Note that since the fields don’t commute there
will be a difference between the ’right’ and ’left’ derivative:
∂L
∂φa
(FG) =
∂LF
∂φa
G+ (−1)F aF ∂LG
∂φa
∂R
∂φa
(FG) = (−1)Ga ∂RF
∂φa
G+ F
∂RG
∂φa
.
For example
∂L
∂λ1
(λ2λ1) = −λ2 ∂R
∂λ1
(λ2λ1) = λ2.
Note that
∂LF
∂φa
= (−1)(F+1)a ∂RF
∂φa
.
Given a Lagrangian for the fields φa one can define the canonical momentum using
either the left or right derivative:
piLa =
∂LL
∂φ˙a
= (−1)a ∂RL
∂φa
= (−1)apiRa .
One is free to choose either momentum, but this choice is correlated with the proper choice
of Hamiltonian action:
L = piRa φ˙
a −H = φ˙apiLa −H.
One can then define the following super-Poisson bracket:
{F,G} = ∂RF
∂φa
∂LG
∂piRa
− ∂RF
∂piLa
∂LG
∂φa
which satisfies
{F,G} = (−1)1+F G{G,F}
and the super-Jacobi identity. Note that the canonical relations that follow are
{φa, piRb } = δab = −{piLb , φa}.
One also derives the properties
{F,GH} = {F,G}H + (−1)F GG{F,H} {FG,H} = F{G,H}+ (−1)HG{F,H}G
(F.1)
which when combined lead to
{F1F2, G1G2} = F1{F2, G1}G2 + (−1)F2G1{F1, G1}F2G2 (F.2)
+(−1)F2G1F1G1{F2, G2}+ (−1)F1F2+G1G2F2{F1, G2}G1.
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F.2 Keeping right
The previous subsection makes it clear one is free to choose either one of left/right, or
even work in a mixed formulation. In this paper we will choose to interpret all derivatives
with respect to fermionic fields as right derivatives25, and to ease notation we will drop the
superscript R. The key identities above then take the form:
∂
∂φa
(FG) = (−1)Ga ∂F
∂φa
G+ F
∂G
∂φa
.
For example
∂
∂λ1
(λ2λ1) = λ2.
Our canonical momentum is defined as:
pia =
∂L
∂φ˙a
,
and in the Hamiltonian variational principle the Lagrangian is
L = piaφ˙
a −H.
The super-Poisson bracket is:
{F,G} = (−1)a(G+1) ∂F
∂φa
∂G
∂pia
− (−1)F G(−1)a(F+1) ∂G
∂pia
∂F
∂φa
. (F.3)
Or more shortly, if we define
F ∗G = (−1)a(G+1) ∂F
∂φa
∂G
∂pia
(F.4)
then
{F,G} = F ∗G− (−1)F GG ∗ F (F.5)
so that one sees directly that
{F,G} = −(−1)F G{G,F}.
Note that the canonical relations that follow are
{φa, pib} = δab .
25In contrast, for derivatives with respect to the superspace coordinates θα, θ¯
α e.g. in (3.15), we follow
the standard convention that these act from the left.
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F.3 Some useful formulas
Applied to the systems of interest, where the phase space variables are (xia, pia, λ
a
α, pi
α
a =
iλ¯αa ), these conventions lead to the following formulas for the Poisson brackets of arbitrary
(even or odd) phase space functions:
{B1, B2} = ∂B1
∂xai
∂B2
∂pai
− ∂B1
∂pai
∂B2
∂xai
+ i
(
∂B1
∂λaα
∂B2
∂λ¯αa
+
∂B1
∂λ¯αa
∂B2
∂λaα
)
{B,F} = −{F,B} = ∂B
∂xai
∂F
∂pai
− ∂B
∂pai
∂F
∂xai
− i
(
∂B
∂λaα
∂F
∂λ¯αa
+
∂B
∂λ¯αa
∂F
∂λaα
)
{F1, F2} = ∂F1
∂xai
∂F2
∂pai
− ∂F1
∂pai
∂F2
∂xai
− i
(
∂F1
∂λaα
∂F2
∂λ¯αa
+
∂F1
∂λ¯αa
∂F2
∂λaα
)
. (F.6)
It follows that the Poisson bracket has the reality properties (using that conjugation is
defined to revert the order of Grassmann variables)
{B1, B2} = {B1, B2}, {B,F} = {B,F}, {F 1, F 2} = −{F1, F2}. (F.7)
G R4, its quaternionic structures and (anti-) self-duality
Let us consider R4 with coordinates xµ, µ = 1, 2, 3, 4. The metric is the standard Euclidean
one, gµν = δµν and for this reason we can be completely careless about raising and lowering
indices. By convention we’ll take ’all’ indices to be lower indices.
Let us start the discussion with anti-symmetric two tensors (or 2-forms) ωµν = ω[µν],
we can split the space of these forms into two orthogonal parts by the projectors
P±µν ρσ =
1
4
(δµρδνσ − δµσδνρ ± µνρσ), (G.1)
i.e. they satisfy
P±µνκλP
±
κλρσ = P
±
µνρσ P
±
µνκλP
∓
κλρσ = 0. (G.2)
So if we define ωµν = ω
+
µν + ω
−
µν with P
±
µνρσω
±
ρσ = ω
±
µν then these are the self dual and
anti-self dual parts:
1
2
µνρσω
±
ρσ = ±ω±µν . (G.3)
This natural split into the self dual and anti-self dual subspace is closely related to the
two possible quaternionic structures on R4. Namely, we can define26
(ji±)µν = ∓4P±µν i4. (G.4)
These satisfy the quaternionic algebra:
(ji±)µρ(j
j
±)ρν = −δµνδij + ijk(jk±)µν . (G.5)
26Note that these complex structures are essentially equal to the ’t Hooft (anti)-self dual symbols:
(jr+)µν = η
r
µν , (j
r
−)µν = η¯
r
µν
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Note that all complex structures (G.4) are anti-symmetric, which is equivalent to the metric
being Hermitian with respect to all of them:
(ji±)ρµδρν = −δµρ(ji±)ρν . (G.6)
It also follows directly from (G.2) that these complex structures are (anti-)self dual:
P±µνρσ(j
i
±)ρσ = ±(ji±)µν . (G.7)
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